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1. Introduction
The importance of the simplest model for light-matter interaction, introduced in its semi-
classical form by I. I. Rabi eighty years ago, has been emphasized in the introductory
article to this special issue [1]. Its fully quantized version, the quantum Rabi model
(RM), given by the Hamiltonian
HRM = ω a
†a+ g(a† + a)σx + ∆σz , (1)
was studied using the rotating-wave approximation by Jaynes and Cummings [2]. It
involves a spin-1
2
with standard Pauli matrices σ,
σx =
(
0 1
1 0
)
, σy =
(
0 −i
i 0
)
, σz =
(
1 0
0 −1
)
, (2)
representing an atomic two-level system (qubit). The qubit splitting is given by ∆ = Ω/2,
where Ω represents the qubit frequency (we set ~ = 1 throughout), or, in solid-state
realizations such as circuit QED [3] as well as in the polaron picture [4], the energy
gap or hybridization. The qubit couples to the radiation field (in dipole approximation),
which is described by a single harmonic oscillator with number eigenstates |n〉, where
a†a|n〉 = n|n〉 and [a, a†] = 1. Realizations of (1) with ultracold atomic gases were also
proposed recently [5].
The Hamiltonian (1) has an important discrete symmetry, because it commutes
with the operator P = σz(−1)a†a. Since P 2 = 1, the symmetry group is Z2, i.e., the
Hilbert space H = L2(R) ⊗ C2 is the direct sum of two invariant spaces with fixed
parity, H = H+ ⊕H−,
Hp = {|ψp〉 |P |ψP 〉 = p|ψp〉} , p = ±1 . (3a)
This discrete symmetry renders HRM integrable [6]. The rotating-wave approximation
for HRM keeps only the coupling of σ± = σx ± iσy to a and a†, respectively. This extends
the symmetry to a continuous U(1) symmetry, leading to the superintegrability of the
Jaynes-Cummings model,
HJCM = ω a
†a+ g (a† σ− + a σ+) + ∆ σz , (4)
for which the Hilbert space separates into an infinite number of two-dimensional
invariant subspaces. In the spectral graph, i.e., a plot of eigenenergies as a function
of a parameter such as g, the larger symmetry group of HJCM creates additional level
crossings, producing infinitely many two-legged ‘ladders’; for HRM, on the other hand,
the spectral graph consists of two ladders with infinitely many legs, since there are only
two invariant subspaces (each infinite dimensional) related to the two eigenvalues p =
±1 of P [6, 7]. These two ladders intersect in the spectral graph at the so-called Juddian
points [8], corresponding to quasi-exact, doubly degenerate eigenvalues of HRM [9, 10].
A generalization of HRM is the asymmetric quantum Rabi model (ARM) [6, 11]
with Hamiltonian
HARM = HRM +  σx = ω a
†a+ g(a† + a)σx +  σx + ∆σz . (5)
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The term  σx corresponds to spontaneous flips of the two-level system and appears
naturally in implementations with flux qubits [3, 12]. This term breaks the Z2 invariance
of HRM, so that HARM possesses no obvious symmetry and no level crossings should be
expected in the spectral graph for any  6= 0. Indeed, no level crossings are observed
if  is not an integer multiple of ω/2, which we call the noninteger case henceforth.
Furthermore the ARM has a quasi-exact exceptional spectrum just like the RM [13],
but the quasi-exact eigenstates are no longer doubly degenerate in the noninteger case.
Surprisingly, degeneracies are observed again if  is an integer multiple of ω/2, to
which we refer as integer values or the integer case from now on. These degeneracies
correspond to two intersecting ladders with infinitely many legs in the spectral graph,
just as in the RM, thus suggesting the presence of a hidden Z2 symmetry of the ARM
in the integer case [6, 14]. This symmetry would make the integer case of the ARM
(iARM) integrable again according to the level labeling criterion proposed in [6]. For
this reason, the ARM has been under intense study [13, 15, 16, 17]. In fact, a proof for
these degeneracies was developed for the case  = ω/2 [10, 18, 19] and can be generalized
to higher half-integer multiples of ω.
In this paper, we investigate another aspect of the ARM, namely the effect of integer
values of the asymmetry parameter on the asymptotics of spin expectation values in the
energy eigenstates, which were also recently studied in [20]. We begin with numerical
results for these quantities in Sec. 2. These can be understood perturbatively for small
hybridization ∆ (Secs. 3, 4, 5). Furthermore, the lowest-order perturbative eigenstates
serve as eigenstates of a parent Hamiltonian which we construct in Sec. 6, and which
might be useful in understanding the symmetries of the iARM. We close with a summary
and outlook in Sec. 7.
2. Spin expectation values
In this section, we discuss numerical results for spin expectation values in the energy
eigenstates of the ARM. For a general state,
|ψ〉 =
(
|φ↑〉
|φ↓〉
)
, (6)
where |φσ〉 are states of the oscillator, expectation values of the spin operator are given
by
〈σx〉 = 2 Re 〈φ↑|φ↓〉 , (7a)
〈σy〉 = 2 Im 〈φ↑|φ↓〉 , (7b)
〈σz〉 = 〈φ↑|φ↑〉 − 〈φ↓|φ↓〉 . (7c)
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2.1. Symmetric Rabi model
Consider first the symmetric RM, i.e., the case  = 0, All eigenstates |ψp〉 with fixed
parity p = ±1 have the form
|ψ+〉 =
(
|φ↑−〉e
|φ↓−〉o
)
, |ψ−〉 =
(
|φ↑−〉o
|φ↓−〉e
)
, (8)
where
|φe〉 =
∑
n=0,2,4,...
αen|n〉 , |φo〉 =
∑
n=1,3,5,...
αon|n〉 . (9)
Therefore the overlap 〈φ↑|φ↓〉 which appears in 〈σx〉, 〈σy〉 vanishes for all eigenstates
of HRM, because Fock states with an even number of photons are orthogonal to all
states with an odd number. Hence 〈σx〉 and 〈σy〉 are zero for the RM, and in particular
independent of g and ∆.
2.2. Asymmetric Rabi model
Consider next the ARM with  6= 0. In this case the parity invariance is broken and the
value of 〈σx〉 and 〈σz〉 depend on the state, or, for the energy eigenstates, on g and ∆.
(〈σy〉 remains identically zero, because H can be represented as an orthogonal matrix
with real eigenvectors.) From now on we set
 =
1
2
Mω , (10)
so that the integer (noninteger) case corresponds to integer (noninteger) M , respectively.
Figs. 1-4 show numerical exact diagonalization data for 〈σx〉 and 〈σz〉 as a function
of g for the lowest few eigenstates. For large g, we observe that for integer M the
expectation value 〈σx〉 tends to −1 only for the lowest M energy eigenstates (Figs. 2
and 3) and to zero otherwise, while in the noninteger case 〈σx〉 tends to ±1. On the
other hand, 〈σz〉 tends to zero always, for integer and noninteger M .
In the following sections, we offer two ‘physical’ explanations for this behavior.
On the one hand, we will show that these asymptotics are characteristic for small
hybridization in the deep strong coupling limit (see (25) below), using perturbation
theory for small hybridization (Secs. 3-5). On the other hand we construct a a related
Hamiltonian H ′ with similar properties (Sec. 6).
3. Perturbation theory for weak hybridization ∆: Preliminaries
In this section we deal with some preparations regarding the perturbation theory
for small values of ∆. From now on the real parameters g, , ∆ are assumed to be
nonnegative without loss of generality. Moreover, we assume M > 0 (see (10)) from now
on, omitting the case of the symmetric RM. The positive energy scale ω is often set to
unity, but we retain it for later convenience. Below we will also use the notation g˜ =
g/ω and ∆˜ = ∆/ω.
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Figure 1. Eigenenergies and (left) and spin expectation values (middle and right) for the
noninteger case of the ARM (M = 0.5,  = 0.25) with small hybridization parameter (∆ =
0.3) in terms of ω = 1 as energy unit. As discussed in the text, low-order perturbation theory in
∆ (light/green) describes the exact diagonalization results (dark/blue) well provided g is not too
small. For large g, |〈σx〉| tends to 1 and 〈σz〉 tends to 0 for all eigenstates. The exact values for g
= 0, given in (26), are marked by dotted lines.
3.1. Rotation of spin quantization axis
For small ∆ it is preferable to work in the familiar spin-boson picture, i.e., in the
eigenbasis of σx. As usual we perform a rotation of the spin quantization axis by means
of a unitary transformation U˜ ,
U˜ =
1√
2
(
1 1
1 −1
)
, (11a)
σ˜ = U˜ †σU˜ , σ˜x =
(
1 0
0 −1
)
= τz , (11b)
σ˜y =
(
0 i
−i 0
)
= −τy , σ˜z =
(
0 1
1 0
)
= τx . (11c)
Here τ are again the standard Pauli matrices, relabelled in order to remind us of the
transformed basis. In this basis the Hamiltonian reads (removing a constant energy term
−g2/ω and omitting the tildes on the transformed Hamiltonian H˜ and its eigenstates,
as well as on the the observables σ˜),
H = U˜ †HARM U˜ +
g2
ω
= H0 + V , (12a)
H0 =
(
h+ 0
0 h−
)
, V =
(
0 ∆
∆ 0
)
= ∆ τx , (12b)
hσ = ω a
†
σaσ +
σM
2
, aσ = a+ σg˜ , σ = ±1 , (12c)
i.e., H0 can be written in terms of oscillators that are shifted in opposite directions.
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Figure 2. As Fig. 1, but for the integer case of the ARM (iARM) with M = 1,  = 0.5, ∆ = 0.3,
ω = 1. In the iARM both |〈σx〉| and |〈σz〉| tend to 0 for large g, except for M states (i.e., one state
in the present case) for which 〈σx〉 tends to −1. The perturbative results for the spin expectation
values are shown only for the M + 1 lowest energy eigenstates.
-1
 0
 1
 2
 3
 0  0.5  1  1.5  2  2.5  3
E
g
-1
-0.5
 0
 0.5
 1
 0  0.5  1  1.5  2  2.5  3
〈σ x
〉
g
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
 0  0.5  1  1.5  2  2.5  3
〈σ z
〉
g
exact diag.
pert. theory
g=0, exact
Figure 3. As Fig. 2 for the iARM, but with M = 2,  = 1, ∆ = 0.3, ω = 1, with two states for
which 〈σx〉 tends to −1.
-1
 0
 1
 2
 3
 0  0.5  1  1.5  2  2.5  3
E
g
-1
-0.5
 0
 0.5
 1
 0  0.5  1  1.5  2  2.5  3
〈σ x
〉
g
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
 0  0.5  1  1.5  2  2.5  3
〈σ z
〉
g
exact diag.
pert. theory
g=0, exact
Figure 4. As Fig. 2-3 for the iARM, but with M = 3,  = 1.5, ∆ = 0.3, ω = 1, with three states
for which 〈σx〉 tends to −1.
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3.2. Unperturbed eigenstates and their overlaps
The eigenstates of H0 are
|nσ(0)〉 =
(
δσ+
δσ−
)
|n〉σ , n = 0, 1, . . . , σ = ±1 , (13)
with eigenvalues
E(0)nσ = ω
(
n+
σM
2
)
, (14)
which are nondegenerate for nonintegerM , whereas for integerM only the firstM energy
levels E
(0)
n− (n= 0, . . .M−1) are nondegenerate, followed by the doubly degenerate energy
levels E
(0)
n = E
(0)
n−M+ = E
(0)
n− (n = M,M + 1, . . .).
In (13) we denoted the eigenstates of the shifted number operators a†σaσ by |n〉σ.
These can be written in terms of the operators and coherent states |z〉c of the unshifted
oscillator (denoting σ¯ = −σ) as
|n〉σ = (a
+ + σg˜)n√
n!
|σ¯g˜〉c , (15a)
|z〉c = eza†|0〉 e− 12 |z|2 , z ∈ C , (15b)
due to the property a|z〉c = z|z〉c of the latter. Below we will encounter the overlap
−〈n′|n〉+ = Fn′n(2g˜) , (16)
which defines a function Fn′n(x) which we now calculate. We first introduce shifted
coherent states, which are related to unshifted coherent states by a translation in z,
|z〉c,σ = e−|z|2/2eza
†
σ |0〉σ
= |z − σg˜〉c eiσg˜ Imz . (17)
For shifts in the same direction σ they have the usual nonzero overlap of coherent states,
c,σ〈z′|z〉c,σ = e− 12 |z′|2− 12 |z|2+z′∗z , (18)
while for opposite shifts we obtain
c,−〈z′|z〉c,+ = e− 12 |z′|2− 12 |z|2+z′∗z+2g˜(z−z′∗)−2g˜2 (19)
=
∞∑
n,n′=0
−〈n′|n〉+√
n′!n!
(−z′∗)n′zne− 12 |z′|2− 12 |z|2 .
It is useful to work with the following two-variable Hermite polynomials Hnm(x, y) and
their generating function [21],
Hnm(x, y) =
∑
k≥0
(
n
k
)(
m
k
)
k!(−1)kxn−kym−k , (20)
e−uv+ux+vy =
∞∑
n,m=0
unvm
n!m!
Hnm(x, y) . (21)
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Taking coefficients in (19), we thus obtain
Fn′n(x) =
(−1)n′√
n′!n!
Hnn′(x, x) e
−x2/2 , (22a)
σ¯〈n′|n〉σ = Fn′n(2g˜)σn+n′ , σ = ±1 . (22b)
We note that for equal arguments the two-variable Hermite polynomials can be written
as
Hnm(x, x) = x
n+m
2F0(−n,−m;− 1x2 ) (23a)
= (−1)nxm−nL(m−n)n (x2) , m ≥ n , (23b)
where L
(α)
n (x) are associated Laguerre polynomials, and hypergeometric functions are
defined as
pFq(a1, . . . , ap; b1, . . . , bq; z) =
∞∑
n=0
∏p
j=1(aj)n∏q
j=1(bj)n
zn
n!
, (24)
with Pochhammer symbols expressing rising factorials, i.e., (a)n = Γ(a + n)/Γ(a) in
terms of the Euler Gamma function.
3.3. A priori conditions for the validity of perturbation theory
We expect that V may be treated perturbatively if ∆ is sufficiently small, i.e. small
compared to energy differences of the unperturbed energy eigenstates, which involve ω
and possibly . Another energy scale in the problem is g, so that we must necessarily
require g & ω in order to be able to expand in ∆/ω, and not having to expand in g/∆
first. This puts us in the deep strong coupling regime [22],
∆ ω . g . (25)
As an opposite point of reference, we note the spectrum and expectation values when
harmonic oscillator and qubit decouple for g = 0,
E(g=0)nσ = ωn+ σ
√
2 + ∆2 , σ = ±1 , (26a)
|nσ〉(g=0) = 1√
2 (2 + ∆2 + σ∆
√
2 + ∆2)
1
2
(
∆ + σ
√
2 + ∆2

)
, (26b)
〈σx〉(g=0)nσ =
σ √
2 + ∆2
, 〈σz〉(g=0)nσ =
σ∆√
2 + ∆2
, 〈a†a〉(g=0)nσ = ωn , (26c)
which are drawn in Fig. 1-4 as dotted lines.
The regime (25) fits the case of integer M , for which energy differences of
unperturbed eigenstates are always integer multiples of ω. However, in the case of
noninteger M , its fractional part δM leads to smaller energy differences, with magnitude
|n+ σM −n′|ω, that appear in the denominator in the corrections for Enσ. Minimizing
with respect to n′ we find that we must replace (25) by the stronger requirement
∆
√
1− |ξ|
2
ω . g , where δM = M − bMc = 1 + ξ
2
. (27)
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For the noninteger case, our perturbation theory will thus work best if |ξ| = 0, i.e., if 
= 1
4
, 3
4
, 5
4
, etc.. On the other hand, for M near an integer, i.e., ξ = ±(1 − ρ) with |ρ|
 1, only very small values of the hybridization, ∆  √ρ/2ω, can be expected to be
accessible perturbatively.
We use standard Rayleigh-Schro¨dinger perturbation theory. Nondegenerate
perturbation theory applies for noninteger M (see Sec. 4) and degenerate perturbation
theory for integer M (see Sec. 5).
4. Perturbation theory for weak hybridization ∆: the case of noninteger M
without degeneracies
4.1. Eigenenergy corrections
As described above, the spectrum of H0 is nondegenerate for noninteger M . In this case
we expand the energy eigenvalue Enσ and eigenstate |nσ〉 of H as a power series in ∆˜
= ∆/ω,
Enσ = E
(0)
nσ + E
(1)
nσ + E
(2)
nσ + O(ω∆˜
3) , (28a)
|nσ〉 = |nσ(0)〉+ |nσ(1)〉+ O(∆˜2) . (28b)
From the unperturbed spectrum we obtain
〈n′σ′(0)|V |nσ(0)〉 = ∆ σ¯〈n′|n〉σ δσ′σ¯ , (29a)
E(0)nσ − E(0)n′σ′ = ω (n− n′ + σM) δσ′σ¯ . (29b)
For the first two eigenenergy corrections we obtain
E(1)nσ = 〈nσ(0)|V |nσ(0)〉 = 0 , (30a)
E(2)nσ =
∑
n′σ′(6=nσ)
|〈n′σ′(0)|V |nσ(0)〉|2
E
(0)
nσ − E(0)n′σ′
(30b)
=
∞∑
n′=0
ω ∆˜2Fn′n(2g˜)
2
n− n′ + σM = −ω ∆˜
2Fn(2g˜,−n− σM) ,
where we introduced the function (for z not a nonpositive integer)
Fn(x, z) =
∞∑
m=0
Fnm(x)
2
m+ z
= e−x
2
∞∑
m=0
Hnm(x, x)
2
n!m!(m+ z)
, z 6= 0,−1,−2, . . . , (31)
for which a closed form and its asymptotics are derived below (see (41), (42)).
4.2. Eigenstate corrections and expectation values
The first-order corrections to the eigenstates are given by
|nσ(1)〉 =
∑
n′σ′(6=nσ)
|n′σ′(0)〉〈n
′σ′(0)|V |nσ(0)〉
E
(0)
nσ − E(0)n′σ′
=
∞∑
n′=0
∆˜Fnn′(2g˜)
n− n′ + σM |n
′σ¯(0)〉 . (32)
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Instead of normalizing these states it is preferable to obtain expectation values in
the (normalized) perturbed eigenstates directly from (30) by taking derivatives of the
(perturbed) eigenenergy, which is given by
Enσ(ω, g, ,∆) = ωn+ σ− ∆
2
ω
Fn
(2g
ω
,−n− 2σ
ω
)
+ O
(∆3
ω2
)
. (33a)
We obtain, using X = 2g˜ = 2g/ω and Z = −n− σM = −n− 2σ/ω for the repeatedly
occurring arguments,
〈σx〉nσ = 〈τz〉nσ = ∂Enσ
∂
= σ
(
1 + 2∆˜2F [0,1]n (X,Z)
)
+ O(∆˜3), (33b)
〈σz〉nσ = 〈τx〉nσ = ∂Enσ
∂∆
= −2∆˜Fn(X,Z) + O(∆˜2) (33c)
〈a†a〉nσ = ∂
∂ω
(
Enσ − g
2
ω
)
(33d)
= n+ g˜2 + ∆˜2
[
Fn(X,Z) + 2g˜F [1,0]n (X,Z)− σMF [0,1]n (X,Z)
]
+ O(∆˜3) ,
where we use f [m1,...,mN ](x1, . . . , xN) ≡ ∂m1∂xm11 · · ·
∂mN
∂x
mN
N
f(x1, . . . , xN) as an abbreviation
for partial derivatives throughout.
4.3. Evaluation and asymptotics
Here we discuss the function Fn(x, z) in (31) and its large-x asymptotics, as well as
the resulting asymptotics for observables depicted in Fig. 1. Fn(x, z), as a function of
complex z, has simple poles at the nonpositive integers. We first consider positive real z
and obtain an explicit closed form for Fn(x, z), which can then be analytically continued
for all z (except for the poles).
For real z > 0 we write
Fn(x, z) = e−x2
1∫
0
sz−1
∞∑
m=0
Hnm(x, x)
2sm
n!m!
ds (34)
and employ the generating function of the two-variable Hermite polynomials [21],
specialized to equal arguments,
∞∑
m=0
Hm,n(x, y)Hm,n(x
′, y′)sm
n!m!
= esxx
′
snLn((
y
s
− x′)(sx− y′)) , (35)
∞∑
m=0
Hmn(x, x)
2sm
n!m!
= esx
2
snLn(−x2 (1−s)2s ) = esx
2
n∑
k=0
(
n
k
)
x2k
k!
sn−k(1− s)2k , (36)
where we used the explicit form of the simple Laguerre polynomials Ln(x) in the last
line. We insert this into (34) and integrate termwise, using the integral representation
of the confluent hypergeometric function,
M(a, b, z) = 1F1(a; b; z) =
∞∑
n=0
(a)nz
n
(b)nn!
= ezM(b− a, b,−z) (37a)
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= B(a, b− a)
1∫
0
sa−1(1− s)b−a−1esz ds , Re b > Re a > 0 , (37b)
where B(a, b) = Γ(a)Γ(b)/Γ(a + b) denotes the Euler Beta function. We thus obtain a
finite sum of 1F1 functions,
Fn(x, z) =
n∑
k=0
(
n
k
)
x2k
k!
B(2k + 1, z + n− k)M(2k + 1, z + k + n+ 1,−x2) , (38)
after using Kummer’s transformation (37a). The expressions in (38) are also obtained
if one instead expands the exponential in (36) as a power series in s and integrates
termwise, using the integral representation of the Euler Beta function,
B(a, b) = =
1∫
0
sa−1(1− s)b−1ds , Re b > Re a > 0 , (39)
and summing the resulting series of type (37a). Next we employ the regularized confluent
hypergeometric function M(a, b, z), which has the advantage that it is an entire function
of the parameters a and b for fixed z. Its definition and asymptotic expansion for large
real argument read
M(a, b, z) =
1
Γ(b)
M(a, b, z) =
∞∑
n=0
(a)nz
n
Γ(b+ n)n!
= ezM(b− a, b,−z) (40a)
∼ ez
∞∑
k=0
(1− a)k (b− a)k
Γ(a) k! zb−a+k
, z →∞ (a 6= 0,−1,−2, . . .) (40b)
The desired analytic continuation of (38), valid at all z except the poles at nonpositive
integers, is then given by
Fn(x, z) =
n∑
k=0
(
n
k
)
x2k
k!
(2k)! Γ(z + n− k)M(2k + 1, z + k + n+ 1,−x2) , (41)
which evaluates (31). From (40b) we find its asymptotic behavior as
Fn(x, z) ∼
∞∑
k=0
3F2(−n,−k, k + 1; 1, 1− z − n; 1)(1− z − n)k
x2k+2
, x2 →∞, (42a)
=
1
x2
− (z + n− 1)(z − 2n)
z x4
+ O(x−6) . (42b)
In particular, the leading order is asymptotic to 1/x2 and independent of z.
Together with (33), this yields the following scenario for the large-g asymptotics
of σx and σz: in this limit, due to the decay in (42) for large x, we find that 〈σx〉 → σ
= ±1 and 〈σz〉 → 0 for all energy eigenstates, as in Fig. 1 (where  = 0.25 is far away
from any half integer). As expected from the discussion in Sec. 3, the expressions in (33)
describe 〈σx〉 and 〈σz〉 well only if g is not too small.
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5. Perturbation theory for weak hybridization ∆: the case of integer M
with degeneracies (iARM)
5.1. Perturbation-diagonal eigenbasis and energy corrections
In the case of integer M the unperturbed spectrum has nondegenerate and degenerate
parts. For notational convenience we label the unperturbed energies and their eigenstates
as E
(0)
n and |n;α(0)〉, where α labels a possible degeneracy.
For integer M ≥ 1, the lowest M unperturbed energy levels E(0)n and eigenstates
are
E(0)n = E
(0)
n− = ω
(
n− M
2
)
, 0 ≤ n ≤M − 1 , (43)
|n; 0(0)〉 = |n−(0)〉 =
(
0
|n〉−
)
. (44)
whose unperturbed eigenstates (see (13)) are nondegenerate so that the degeneracy label
α takes only one value (zero, by convention); this part of the spectrum is present only for
nonzero M . The perturbation expansion for these states is denoted as in (28), and the
first-order energy correction remains zero as in (30a). Next follow the doubly degenerate
unperturbed energy levels
E(0)n = E
(0)
n−M+ = E
(0)
n− = ω
(
n− M
2
)
, n = M,M + 1, . . . , (45)
with unperturbed eigenstates |n−M+(0)〉 and |n−(0)〉, see (13). For the latter
we introduce linear combinations that yield only diagonal matrix elements of the
perturbation V ,
|n;α(0)〉 = 1√
2
(|n−M〉+
α|n〉−
)
, α = ± , n ≥M, (46a)
〈n;α′(0)|V |n;α(0)〉 = δαα′E(1)n;α . (46b)
We write the perturbative expansion for small ∆ as
En;α = E
(0)
n + E
(1)
n;α + E
(2)
n;α + O(ω∆˜
3) , (47a)
|n;α〉 = |n;α(0)〉+ |n;α(1)〉+ O(∆˜2) . (47b)
The degeneracies are lifted completely in first order, with
E(1)n;α = 〈n;α(0)|V |n;α(0)〉
=
{
0 if n < M, α = 0 ,
αω∆˜Fn,n−M(2g˜) if n ≥M, α = ± .
(48)
The second-order correction reads
E(2)n;α =
∑
n′(6=n),α′
|〈n′;α′(0)|V |n;α(0)〉|2
E
(0)
n − E(0)n′
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= − ω∆˜2 ×
{ Fn(2g˜,M − n) if n < M, α = 0 ,
1
2
[G(n−M)n (2g˜) + G(n)n−M(2g˜)] if n ≥M, α = ± ,
(49)
where we defined G(q)p (x) (for integer p, q ≥ 0) as
G(q)p (x) =
(m 6=q)∑
m≥0
Fpm(x)
2
m− q = e
−x2
(m 6=q)∑
m≥0
Hpm(x, x)
2
p!m!(m− q) , (50)
for which a closed form and its large-x asymptotics are derived below (see (58), (59)).
5.2. Eigenstate corrections and expectation values
Next we determine the first-order corrections to the eigenstates. For the initially
nondegenerate states (0 ≤ n < M , α = 0) these are
|n; 0(1)〉 =
(n′,α′) 6=(n,0)∑
n′,α′
|n′;α′(0)〉〈n
′;α′(0)|V |n;α(0)〉
E
(0)
n − E(0)n′
=
√
2 ∆˜
∑
n′≥M
Fn,n′−M(2g˜)
n′ − n
( |n′ −M〉+
0
)
, 0 ≤ n < M . (51)
For the initially degenerate states (n ≥ M , α = ±) we have
|n;α(1)〉 =
(n′,α′)6=(n,α)∑
n′,α′
|n′;α′(0)〉 c(1)n′α′,nα , (52)
where for different energies (n′ 6= n, α′ = ±)
c
(1)
n′α′,nα =
〈n′;α′(0)|V |n;α(0)〉
E
(0)
n − E(0)n′
=
∆˜
2(n− n′) ×
{ √
2Fn′,n−M if 0 ≤ n < M, α′ = 0 ,
α′Fn′,n−M + αFn,n′−M if n′ ≥M, n′ 6= n, α′ = ± .
(53)
while for equal energies (α′ 6= α, hence only α′ = −α ≡ α¯ occurs)
c
(1)
nα′,nα =
1
E
(1)
n;α − E(1)n;α′
(m 6=n)∑
m,β
〈n;α′(0)|V |m; β(0)〉 〈m; β(0)|V |n;α(0)〉
E
(0)
n − E(0)m
≡ α ∆˜
2
Cn,M(2g˜) δα′,α¯ , (54a)
Cn,M(x) =
G(n−M)n (x)− G(n)n−M(x)
2Fn,n−M(x)
. (54b)
We use these eigenstate corrections to calculate the expectation value of σx and a
†a,
whereas a derivative suffices for that of σz. We obtain
〈σx〉nα = 〈τz〉nα =
{ −1 + O(∆˜2) if n < M, α = 0 ,
α ∆˜ Cn,M(2g˜) + O(∆˜2) if n ≥M, α = ± ,
(55a)
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〈σz〉nα = 〈τx〉nα = ∂En;α
∂∆
=
E
(1)
n;α + 2E
(2)
n;α
ω∆˜
+ O(∆˜2) ,
=
{
αFn,n−M(2g˜)− 2∆˜Fn(2g˜,M − n) + O(∆˜2) if n < M, α = 0 ,
−∆˜[G(n−M)n (2g˜) + G(n)n−M(2g˜)] + O(∆˜2) if n ≥M, α = ± .
(55b)
〈a†a〉nα =

n+ g˜2 + O(∆˜2) if n < M, α = 0 ,
n+ g˜2 − M
2
(
1 + α ∆˜ Cn,M(2g˜)
)
+ O(∆˜) if n ≥M, α = ± ,
(55c)
where we have calculated only part of the linear order in ∆˜ in (55c), namely that which
comes from c
(1)
nα¯,nα.
Note that in the integer case, i.e., for a fixed integer value of 2/ω = M , the
parameter ω now couples to the combined term a†a + 1
2
Mσx in the Hamiltonian, in
contrast to the noninteger case of the previous section. From the derivative with respect
to ω we thus obtain
〈a†a〉nα + M
2
〈σx〉nα = ∂
∂ω
(
Enσ − g
2
ω
)
=

n+ g˜2 + O(∆˜2) if n < M, α = 0 ,
n+ g˜2 − M
2
+ 2α g˜ ∆˜F
[1]
n,n−M(2g˜) + O(∆˜
2) if n ≥M, α = ± .
(55d)
Note that the parts linear ∆˜ listed in (55a) and (55c) cancel in (55d), although another
linear term (from 〈a†a〉) remains in the latter.
We can now understand the qualitative behavior of 〈σx〉 as follows. Consider for
now only the zeroth order in ∆˜ in (55a). In this order the lowest M eigenstates have
〈σx〉 = −1 and 〈a†a〉 = n + g˜2, but all higher eigenstates have 〈σx〉 = 0 and 〈a†a〉 =
n + g˜2 −M/2. In view of (55d) we can interpret this as due to the coupling of ω to
both these expectation values for integer M , and 〈a†a〉 (rather than 1
2
M〈σx〉) absorbing
the contribution −M/2 for the states with n ≥ M which are indirectly coupled by the
hybridization ∆. This provides a qualitative reason why, in contrast to the noninteger
case, |〈σx〉| 6= 1 should be expected in the integer case. At the end of the next subsection
we will discuss the effect of higher orders in ∆˜.
5.3. Evaluation and asymptotics
We now discuss the function G(q)p (x) in (50), for nonnegative integers p and q. First we
express it in terms of the known function Fp(x, z) without its pole Rpq(x)/(z + q) at z
= −q,
G(q)p (x) = lim
z→−q
[
Fp(x, z)− Rpq(x)
z + q
]
, (56a)
Rpq(x) = lim
z→−q
[
(z + q)Fp(x, z)
]
= e−x
2Hpq(x, x)
2
p!q!
. (56b)
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For z near the pole at −q we see from (41) that the Gamma function yields divergent
as well as regular contributions to Fp(x, z). Specifically, for integer m ≥ 0 and |δ|  1,
Γ(m− q + δ) =

1
δ
(−1)q+m
(q −m)!
[
1 + ψ(1 + q −m) δ + O(δ2)
]
if m ≤ q,
(m− q)! + O(δ) if m > q,
(57)
where m corresponds to n−k in (41). In the second case we may set δ to zero to obtain a
constant contribution (provided q < p), while in the first case we first subtract the pole
Rpq(x)/δ and then extract the constant term from the next order in δ which involves
M(a, b, x) and the Euler Digamma function ψ(z) = Γ′(z)/Γ(z). We thus obtain, after
some rearrangement,
G(q)p (x) = Θ(p>q)
p−q−1∑
k=0
(
p
k
)
x2k
k!
B(2k + 1, p− q − k)M(2k + 1, p− q + 1 + k,−x2)
+ e−x
2
p∑
k≥max(0,p−q)
(
p
k
)
x2k
k!
(−1)k+p+q(2k)!
(k − p+ q)!
[
ψ(k − p+ q + 1)×
M(p− q − k, p− q + 1 + k, x2)
+ M[1,0,0](p− q − k, p− q + 1 + k, x2)
+ M[0,1,0](p− q − k, p− q + 1 + k, x2)
]
, (58)
where the step function Θ(A) is one or zero according to whether A is true or false,
respectively; the first sum is thus absent if q ≥ p. In the second sum the hypergeometric
functions terminate because k ≥ p − q. For large real x the second sum is therefore
exponentially small, while the asymptotic expansion of the first sum follows again
from (40). We obtain,
G(q)p (x) = Θ(p>q)
∞∑
k=0
3F2(−p,−k, k + 1; 1, q + 1− p; 1)(q + 1− p)k
x2k+2
+ O(x2qe−x
2
)
=
Θ(p>q)
x2
+ (p+ q + 1)
Θ(p>q+1)
x4
+ O(x−6) + O(x2qe−x
2
) (59)
for x2 → ∞.
From (55) we thus obtain the following scenario for the spin expectation values in
Figs. 2-4 for large g. The perturbative result for 〈σz〉 tends to zero this limit for all
energy eigenstates in agreement with the numerical result, as in the noninteger case.
Furthermore, numerically we observe 〈σx〉 → −1 for the lowest M energy eigenstates
which corresponds to the (constant) perturbative result in linear order in ∆. In Figs. 2-4,
the perturbative result (55a) captures the qualitative behavior of 〈σx〉 for the eigenstates
with n ≥M in first order in ∆˜ for not too small g. However, it cannot be used to obtain
the large-g asymptotics, because it contains Fn,n−M(x) in the denominator which is
asymptotic to xMe−x
2/2 and will thus eventually invalidate the perturbative result for
large g. The large-g asymptotics can thus be only partially be understood from the
small-∆ behavior in the integer case, due to the more complicated interplay of the
expansion parameters g˜ and ∆˜.
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6. A model with number-nonconserving hybridization related to the iARM
6.1. Construction in terms of exact eigenstates
We now construct a solvable model H ′ which is related to the integer case of the
asymmetric Rabi model H as follows. We demand that it has the states |n;α(0)〉 (for
which V has only diagonal expectation values) as exact eigenstates but nevertheless
contains a hybridization term V ′, i.e.,
H ′ = H0 + V ′ , (60a)
H ′|n;α(0)〉 = E ′nα|n;α(0)〉 , (60b)
where H0 is given in (12) and M is a positive integer.
First we obtain possible forms of the operator V ′ that are off-diagonal like V , i.e.,
non-commuting with τz. The following harmonic oscillator identities are straightforward
to obtain from the Baker-Campbell-Hausdorff formulas,
ez(a−a
†) (a†)p = (a† + z)p ez(a−a
†) , (61a)
e2z(a−a
†)|z〉c = |−z〉c , (61b)
from which we obtain the operators Rσ, σ = ±, which transform between the shifted
harmonic oscillators of (12),
Rσ|n〉σ = |n〉σ¯ , Rσ = e−2σg˜(a−a†) = R†σ¯ = R−1σ¯ . (62)
We may view Rσ as performing two successive reverse shifts U
−σ of a shifted oscillator
state, one back to the original oscillator and one further shift into the other shifted
oscillator, i.e.,
Rσ = U
−2σ , U = eg˜(a−a
†) = (U †)−1 . (63)
With these operators we can transform either component of |n;α(0)〉 into the other.
Namely, for n ≥ M ,
UaMU |n〉− = aM+ R−|n〉− = wn |n−M〉+ ,
U †(a†)MU †|n−M〉+ = R+(a†+)M |n−M〉+ = wn |n〉− ,
wn =
√
n!
(n−M)! =
√
n(n− 1) · · · (n−M + 1) . (64)
so that we have (n ≥ M , α = ± 1)(
0 UaMU
U †(a†)MU † 0
)
|n;α(0)〉 = αwn |n;α(0)〉 . (65)
Hence a rather general operator V ′ with the property V ′|n;α(0)〉 = v′nα|n;α(0)〉 can be
written as
V ′ =
(
0 U f(a†a) aM U
U † (a†)M f(a†a)∗ U † 0
)
, (66a)
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v′nα =
{
αwn f(n−M) n ≥M, α = ±1
0 0 ≤ n ≤M − 1, α = 0 , (66b)
E ′nα = E
(0)
n + v
′
nα , (66c)
where f(n) is an arbitrary complex function of nonnegative integer n. For example, we
might choose
f(n) =
∆n+M
wn+M
=
∆n+M√
(n+ 1) · · · (n+M) , (67)
⇒ v′nα = α∆n . (68)
We note a slight resemblance of V ′ to the rotating-wave term in the Jaynes-Cummings
Hamiltonian which also contains hermitian conjugate oscillator operators in the upper
and lower off-diagonal.
6.2. Making the number-conserving part number-independent
Interestingly, V ′ contains a number-conserving part V¯ ′, similar to V = ∆τx, because U
is a linear combination of arbitrary powers of a and a†, some of which compensate the
factor (a†)M in V ′. For real f(n) we obtain
V ′ = V˜ ′ + (a†a-nonconserving terms) (69a)
V˜ ′ = τx
∞∑
n=0
|n〉f˜(n)〈n| , (69b)
f˜(n) = 〈n|Uf(a†a)aMU |n〉 = (−1)
Me−g˜
2
n!
∞∑
m=0
f(m)
m!
Hn,m(g˜, g˜)Hn,m+M(g˜, g˜) . (69c)
It is in fact possible to make these diagonal matrix elements of V ′ independent
of n, so that f˜(n) = const for all n, as we now discuss. In fact, we can evaluate the
series in (69c) for a function f(n) ∝ sn, as follows. Since a product of two Hermite
polynomials appears in (69c), we first derive its generating function. Using the operator
Hermite polynomial calculus of [21], we begin with
∞∑
m=0
sm
m!
Hm+M,n(x, y)
...Hm,n(a
†, a)
...
[(A2)]
=
∞∑
m=0
sm
m!
(a†)manHm+M,n(x, y)
[(42)]
= esa
†xHM,n(x, y − sa†)an
= HM,n(x, y − sa†)(a− sx)nesa†x . (70)
where
... · · · ... denotes antinormal ordering of bosonic operators and equation numbers in
square brackets refer to [21]. Summing over M yields
∞∑
M=0
tM
M !
HM,n(x, y − sa†)(a− sx)n [(21)]= etx(y − t− sa†)n(a− sx)n
[(25)]
= etx(−sn)Hnn(i(y−ts − a†), i(a− sx))
= etxsnn!Ln(−(y−ts − a†)(a− sx)) . (71)
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Inside the antinormal ordering it is permissible to replace a† and a by scalars x′ and y′,
respectively. Putting (70) and (71) together then yields
∞∑
m=0
∞∑
M=0
Hm+M,n(x, y)Hm,n(x
′, y′)tMsm
n!m!M !
= esxx
′+txsnLn((
y−t
s
− x′)(sx− y′)) . (72)
which is a generalization of (35) that includes the shift M in one of the indices. Next
we take coefficients of tM in (72), and specialize to equal arguments, x = y = x′ = y′,
∞∑
m=0
Hm+M,n(x, y)Hm,n(x
′, y′)sm
m!n!
= esxx
′
n∑
k=0
(
M
k
)
xM−k(sx− y′)ksn−kL(k)n−k((ys − x′)(sx− y′)) , (73a)
∞∑
m=0
Hm+M,n(x, x)Hm,n(x, x)s
m
m!n!
= esx
2
xM
n∑
k=0
(
M
k
)
(s− 1)ksn−kL(k)n−k(−x2 (1−s)
2
s
) , (73b)
If we choose f(n) proportional to sn, with s a real parameter, we thus find
f(m) =
sn∆
(−g˜)M ⇒ f˜(m) = ∆
n∑
k=0
(
M
k
)
(s− 1)ksn−kL(k)n−k(−g˜2 (1−s)
2
s
) . (74)
so that indeed f(n) = const for s = 1,
f(m) =
∆
(−g˜)M ⇒ f˜(m) = ∆ ⇒ V˜
′ = ∆ τx = V . (75)
Remarkably, the number-conserving part V˜ ′ in H ′ coincides with V˜ in H for the
choice (75).
We thus arrive at the following alternative picture of the iARM. Namely, its
Hamiltonian H (with integer M) may be viewed as the number-conserving part of a
parent Hamiltonian H ′ with exact eigenvalues E ′nα and exact eigenstates |n;α(0)〉. The
spin expectation values for H ′ thus have the special n-dependent asymptotics described
above, and these are unchanged in first-order perturbation theory in (H − H ′), which
yields no contribution to the eigenvalues of H (and by the derivatives in (55) neither to
the spin expectation values).
Compared to the results obtained from direct perturbation theory in ∆, this
explains the n-dependent asymptotics of the iARM as due to the vicinity of the parent
Hamiltonian H ′. This picture is nonperturbative in ∆, in the sense that the exact
eigenstates of H ′ are known and agree with those of the iARM up to first order in
(H − H ′), and higher orders apparently do not destroy this connection.
7. Conclusion and Outlook
In summary, we studied the spin expectation values in the asymmetric Rabi model as
functions of the coupling g. We showed that the large-g asymptotics can mostly be
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understood perturbatively for small hybridization ∆. The spin expectation values tend
to zero for large g, except in the integer case, i.e., for  = Mω/2 with integer M , for
which 〈sx〉 tends to −1 for the M lowest-lying eigenstates. As an alternative argument,
we constructed a related Hamiltonian H ′ with additional number-nonconserving terms,
the exact eigenstates of which are those of the asymmetric Rabi model in the limit of
vanishing ∆.
As an outlook, we note that both methods hold some perspective for further
applications. The weak-∆ perturbation theory describes the crossing of energy levels
on the baselines E
(0)
n in the integer case (left panels in Fig. 2-4), as E
(1)
n vanishes
there. This regime may therefore be useful to better understand the physical origin
of these degeneracies. Similarly, the parent Hamiltonian H ′ captures some properties of
the asymmetric Rabi model with integer asymmetry parameter M and can serve as a
starting point for further studies.
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